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Given a sequence a = {an }n≥0 , taking values in a fied F, its Hankel determinant
of order n is defined by
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The Hankel determinants play an important role in the study of the irrationality
exponent of real numbers [2, 3]. Hankel determinants of special sequences have been
studied in [1, 4, 5, 7]. However, for a given sequence, it is very difficult to obtain
its explicit Hankel determinant. Using the Jacobi continued fraction expansion, Han
[6] gave short proofs of some Hankel determinant formulas. But the existence of the
Jacobi continued fraction requires that all Hankel determinants are nonzero.
In this paper, Han introduced the Hankel continued fraction, whose existence and
uniqueness are guaranteed without any restrictions on the sequence. More generally,
Han defined a super δ-fraction for each positive integer δ. Let f (x) = a0 + a1 x +

a2 x2 + · · · ∈ F[[x]] be the generating sequence of a. Then the super δ-fraction is a
continued fraction of the following form
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where vj =
6 0 are constants, kj are nonnegative integers and uj (x) are polynomials of
degree less than or equal to kj−1 + δ − 2. By convention, 0 is of degree −1.
When δ = 2 and all kj = 0, the super δ-fraction (1) is the traditional J-fraction.
A super 2-fraction is called Hankel continued fraction (H-fraction, for short). Sometimes, we denote Hn (a) by Hn (f (x)) if f (x) = a0 + a1 x + a2 x2 + · · · ∈ F[[x]].
Usually, a0 = 1. The following theorem tells us that the Hankel determinants can also
be evaluated by using the Hankel continued fraction.
Theorem 1.

(1) Let δ be a positive integer. Each super δ-fraction defines a power

series, and conversely, for each power series f (x), the super δ-fraction expansion of f (x) exists and is unique.
(2) Let f (x) be a power series such that its H-fraction is given by (1) with δ = 2.
Then, all non-vanishing Hankel determinants of f (x) are given by
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j ≥ 1.
In particular, if a power series f (x) over a finite field satisfies a quadratic equation,
then the Hankel continued fraction is ultimately periodic.
Theorem 2. Let p be a prime number and f (x) ∈ Fp [[x]] be a power series satisfying
the following quadratic equation
A(x) + B(x)f (x) + C(x)f (x)2 = 0

(2)

where A(x), B(x), C(x) ∈ Fp [[x]] are three polynomials with one of the following
conditions
(i) B(0) = 1, C(0) = 0, C(x) 6= 0;
(ii) B(0) = 1, C(x) = 0;
(iii) B(0) = 1, C(0) 6= 0, A(0) = 0;

(iv) B(x) = 0, C(0) = 1, A(x) = −(ak xk )2 + O(x2k+1 ) for some k ∈ N and ak 6= 0
when p 6= 2.
Then, the Hankel continued fraction expansion of f (x) exists and is ultimately periodic. Also, the Hankel determinant sequence H(f (x)) = {Hn (f (x))}n≥0 is ultimately
periodic.
It is well known that the simple continued fraction for a real number r is infinite
and ultimately periodic if and only if r is a quadratic irrational number. Theorem 2
above can be viewed as a power series analog of Lagrange’s theorem for real numbers.
Moreover, the converse of the first part of Theorem 2 is an analog of Euler’s theorem.
That is the following theorem.
Theorem 3. Let δ be a nonnegative integer and f (x) a power series. If the super
δ-continued fraction expansion of f (x) is ultimately periodic, then f (x) satisfies the
quadratic equation (2).
As a application, the periodicity of Hankel determinant sequences for several automatic sequences can be proved. These results can be used for studying irrationality
exponents [3].
Theorem 4. For each pair of positive integers a, b, let
n+a
∞
1 X x2
Ga,b (x) = 2a
∈ F2 [[x]].
x n=0 1 − x2n+b

Then the Hankel determinant sequence H(Ga,b ) is ultimately periodic.
When (a, b) = (0, 0), Theorem 3 reproves Coon’s theorem [4]. When (a, b) =
(2, 1), (2, 0), (1, 1), Theorem 3 reproves Han’s result [6]. When (a, b) = (0, 2), Theorem 3 reproves the result of Guo, Wu and Wen [5]. G0,2 is usually called regular
paperfolding sequence.
Proposition 5. Let r = {rn }n≥0 be the Rudin-Shapiro sequence defined by r0 = 0,
r2n = rn , r4n+1 = rn , r4n+3 = 1 − r2n+1 (n ≥ 0). Then the Hankel determinant
sequence H(r) is ultimately periodic.
Let a = {an }n≥0 be the Stern’s sequence defined by a0 = 1, a1 = 1, a2n =
an , a2n+1 = an + an+1 (n ≥ 1). Let b = {bn }n≥0 be the twisted version of Stern’s
sequence defined by b0 = 0, b1 = 1, b2n = −bn , b2n+1 = −(bn + bn+1 ) (n ≥ 1). Then,
the following proposition holds.

Proposition 6. Let A(x) =
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. Then

Hn (A(x))/2n−2 ≡ Hn (B(x))/2n−2 ≡ (0, 0, 1, 1)∗ (mod 2)
In this paper, many examples and conjectures are listed at the end.
The main work of this paper is a discovery of the Hankel continued fraction whose
existence is guaranteed without any restrictions on the sequence. It is a powerful tool
to determine the Hankel determinants. This is the innovation of the paper. By Hfraction, the paper gives a description of power series over a finite filed that satisfies
the quadratic equation, which is analogous to Lagrange’s theorem for real number.
This is the highlight of the paper. At last, this paper gives a sufficient condition to
describe the periodicity of the Hankel determinant sequences. This is an interesting
result.
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