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In the geometry of submanifolds, one of the fundamental problems is to study
rigidity and homogeneity of submanifolds in a homogeneous space. The rigidity results on holomorphic curves and minimal surfaces in the complex projective space
CP n are well studied. Calabi [2] proved that a linearly full holomorphic curve in CP n
is completely determined by its first fundamental form, up to a rigid motion of CP n .
Bolton, Jensen, Rigoli and Woodward [1] proved that two conformal minimal immersions from 2-sphere S 2 into CP n are congruent if they have the same Kähler angles
and induced metrics. By using Calabi’s rigidity theorem, they completely classified all
minimal two-spheres in CP n with constant curvature, which are all homogeneous and
well known as the Veronese sequences.
For the complex Grassmannians G(k, n, C), Griffiths [4] studied the rigidity of
holomorphic curves in G(n, 2n, C) and proved that two non-degenerate holomorphic
curves in G(2, 4, C) are congruent if they have the same first and second fundamental
forms. Chi and Zheng [3] classified all holomorphic curves from two-spheres into
G(2, 4, C) with constant curvature 2 into two classes, and they are not congruent in
G(2, 4, C). Recently, Fei and Xu [6] generalized the Griffiths’ rigidity result to the
case of non-degenerate holomorphic curves in G(2, 6, C).

A complex hyperquadric Qn is an another important symmetric space, which is a
complex hypersurface of CP n+1 and defined by

2
=0 ,
Qn = [Z = (z1 , · · · , zn+2 )] ∈ CP n+1 | z12 + · · · + zn+2
where [Z = (z1 , z2 , · · · , zn+2 )] is the homogeneous coordinates of CP n+1 . Qn has a
natural Kähler metric inherited from the Fubini-Study metric of CP n+1 . But it doesn’t
have constant holomorphic sectional curvature, and therefore its geometry structure is
much more sophisticated than that of CP n+1 . In recent years, the geometry of minimal
surfaces in Qn has been widely studied (cf. [7], [8], [9], [10], [11], [12], [13]).
In the present paper under review, the authors study rigidity of a holomorphic
curve in a hyperquadric Q4 by the theory of Lie group and the method of moving
frames which provide a powerful tool in studying rigidity problems (cf. [4]). The
authors firstly obtained Gauss equation and Codazzi equations of a holomorphic curve
in a hyperquadric Qn , and also computed the Laplace of the square of the length of the
second fundamental form. These equations are fundamental in studying the geometry
of holomorphic curves in Qn .
Theorem 1. Let f : M → Qn be a holomorphic immersion from a surface M into
Qn . Let kBk2 be the square of the length of the second fundamental form of f . Then
the Gauss equation of f is
1
K = 4 − 2τ 2 − kBk2 ,
2
where K is the Gaussian curvature with respect to the induced metric, and τ is a
globally defined function of analytic type that values in [0, 1].
Theorem 2. Let f : M → Qn be a holomorphic immersion. The Codazzi equations of
f are
daα − i(ω12 − 2ρ)aα +

X
β


ωαβ aβ = aα,1 ϕ +


X

K
− 1 Xα −
Sαβ Xβ ϕ,
2
β

where aα are complex second fundamental forms, ρ, ϕ are complex-valued 1-forms,
ω12 , ωαβ are real-valued 1-forms and aα,1 , Xα , Sαβ are locally complex-valued smooth
functions.
Theorem 3. Let f : M → Qn be a holomorphic immersion. Let a be a complex
vector-valued function that denotes the second fundamental forms of f . Then
K
1
∆|a|2 = |a|2 (2K − 5) − (K − 3)(1 − τ 2 ) + ( − 1)2 + 5|X · a|2 + |a,1 |2 ,
4
2

where X, a,1 are complex vector-valued functions and · represents the symmetry inner
product.
Then as an application of these fundamental equations, the authors studied rigidity
of holomorphic curves in Q4 and made use of similar arguments as in [6] to prove that
Theorem 4. Let f : M → Q4 be a linearly full holomorphic curve. Then, up to a
rigidity, f is uniquely determined by its first and second fundamental forms.
By using the results in [8], the authors determined a family of linearly full homogeneous holomorphic curves parameterized by a constant ζ ∈ (0, π2 ], f : M → Q4
with constant curvature 2 and different second fundamental forms, defined by
ζ
ζ
z 7→ [cos (2z, 1 − z 2 , i(1 + z 2 )), i sin (2z, 1 − z 2 , i(1 + z 2 ))],
2
2
where z is a local holomorphic coordinate of M . The result shows that the rigidity of
holomorphic curves in Qn does not hold if we only assume that they have the same first
fundamental form. Among others, the previous fact indicates that it is usually difficult
to classify holomorphic curves with constant curvature in Qn .
He, Jiao and Zhou [5] studied the rigidity of holomorphic curves with constant
curvature in G(2, 5, C), and determined two classes of linearly full non-homogeneous
holomorphic curves from two-sphere into G(2, 5, C) with the same constant curvature
4/3. Motivated by this result, we finally raise the following problem:
Problem 5. Is it possible to construct some examples of non-homogeneous holomorphic curves from 2-sphere in Q4 , or classify holomorphic 2-sphere with constant curvature in Q4 ?
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